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Numerical integration

Let f be a continuous function supported on a compact K ⊂ Rd .

Need: approximate
∫
K f (z) dz.

Approximation:
∫
K f (z) dz ≈

N∑
i=1

wi f (zi).
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Numerical integration

For any {zi}Ni=1 ⊂ K and {wi}Ni=1 ⊂ R, there

exists f ∈ Fk s.t.∣∣∣ ∫
K

f (z) dz−
N∑
i=1

wi f (zi)
∣∣∣ ≥ C1

Nk/d
.

Fixed {zi}Ni=1

N. Bakhvalov.Vestnik MGU, Ser. Math. Mech. Astron. Phys. Chem., 1959.

N. Bakhvalov. USSR Comp. Math. and Mathematical Physics, 1971.
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exists f ∈ Fk s.t.∣∣∣ ∫
K

f (z) dz−
N∑
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wi f (zi)
∣∣∣ ≥ C1

Nk/d
.

For {zi}Ni=1 random elements of K and

{wi}Ni=1 ⊂ R, there exists f ∈ Fk s.t.

E
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Monte Carlo method

Let X be a stationary point process of intensity ρ∫
K

f (z) dz = E

[ ∑
z∈X∩K

ρ−1f (z)

]
.

Samples from X
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Let X be a stationary point process of intensity ρ∫
K

f (z) dz = E

[ ∑
z∈X∩K

ρ−1f (z)︸ ︷︷ ︸
:=ÎX (f )

]
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Monte Carlo method

Let X be a stationary point process of intensity ρ∫
K

f (z) dz = E

[ ∑
z∈X∩K

ρ−1f (z)︸ ︷︷ ︸
:=ÎX (f )

]
.

Monte Carlo method: ÎX (f ) =
∑

z∈X∩K
ρ−1f (z).

Number of points: X (K ) (random).

N := E[X (K )] = ρ|K |. Samples from X

Diala Hawat Repelled point processes 6/ 19



Numerical integration and point processes Statistics seminars of the University of Edinburgh

ÎX (f ) =
∑
z∈X∩K ρ

−1f (z) ≈
∫

K f (z) dz

Attraction Independence Repulsion
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ÎX (f ) =
∑
z∈X∩K ρ

−1f (z) ≈
∫

K f (z) dz

Attraction Independence Repulsion

Monte Carlo with a homogeneous Poisson point process (PPP):

Sampling from a PPP is fast.

Var[̂IX (f )]1/2 = c(d , f )N−1/2.

A. B. Owen. Online book, 2013.

Diala Hawat Repelled point processes 7/ 19



Numerical integration and point processes Statistics seminars of the University of Edinburgh

ÎX (f ) =
∑
z∈X∩K ρ

−1f (z) ≈
∫

K f (z) dz

Attraction Independence Repulsion

Monte Carlo with a determinantal point process (DPP) :

Var[̂IX (f )]1/2 = O(N−1/2−1/(2d)).

Sampling from DPPs is expensive.

R. Bardenet and A. Hardy. The Annals of Applied Probability, 2020.

J.-F. Coeurjolly, A. Mazoyer, and P.-O. Amblard. Electronic Journal of Statistics, 2021.
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ÎX (f ) =
∑
z∈X∩K ρ

−1f (z) ≈
∫

K f (z) dz

Attraction Independence Repulsion

Monte Carlo with a determinantal point process (DPP) :

Var[̂IX (f )]1/2 = O(N−1/2−1/(2d)).

Sampling from DPPs is expensive.

R. Bardenet and A. Hardy. The Annals of Applied Probability, 2020.

G. Gautier, R. Bardenet, and M. Valko. Adv. in Neural Info. Processing Systems, 2019.
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Repelled point processes:
“D. Hawat, R. Bardenet, and R. Lachièze-Rey. Repelled point processes

with application to numerical integration. Preprint, 2023.”

1 Numerical integration and point processes

2 Repelled point processes

Construction

Theoretical results

Other repelled point processes

3 Conclusion

4 Perspectives
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Construction

X a stationary point process of intensity ρ of Rd .

Sample

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Construction

X a stationary point process of intensity ρ of Rd .

Force:

FX (a) :=
∑

z∈X\{a}
‖a−z‖2↑

a− z
‖a− z‖d2

.

Repulsion operator:

Πε : X 7−→ {a+ εFX (a) : a ∈ X}.

Repelled sample

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.

Chatterjee, Sourav, Ron Peled, Yuval Peres, and Dan Romik. Ann. of Mathematics, 2010.
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Example

Poisson Repelled Poisson

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Main theoretical results

Let P ∈ Rd be a PPP of intensity ρ > 0, d ≥ 3, and ε ∈ R.

ΠεP is a simple, motion-invariant point process of intensity ρ.

Proposition

For any two distinct points x, y of Rd , the random vector FP(x)− FP(y)
is continuous, i.e., for any c ∈ Rd ,

P (FP(x)− FP(y) = c) = 0.

Moreover, ΠεP is a stationary and isotropic point process of intensity ρ.

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Main theoretical results

Let P ∈ Rd be a PPP of intensity ρ > 0, d ≥ 3, and ε ∈ R.

ΠεP is a simple, motion-invariant point process of intensity ρ.

For any ε ∈ (−1, 1), the moments of ΠεP exist.

Proposition

For any positive integer m and R > 0, we have

E

 ∑
z∈ΠεP

1B(0,R)(z)

m <∞.

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Proof’s main idea: E[(
∑
z∈ΠεP 1B(0,R)(z))

m] <∞

FP(x) = F
(0,1)
P (x) + F

(1,∞)
P (x).

For x ∈ P ∩ B(0,R)c , if x+ εFP(x) ∈ B(0,R):

1 x+ εF
(0,1)
P (x) ∈ B(0, r(x)).

2 ‖F (1,∞)
P (x)‖2 ≥ r(x)−R

|ε| .

x

R

r(x)

εFP(x)

εF (0,1)
P (x)

(1)

x

R

r(x)

εF (0,1)P
(x)

εF
(1
,∞

)

P

(x
)

εFP(x)

(2)
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Main theoretical results

Let P ∈ Rd be a PPP of intensity ρ > 0, d ≥ 3, and ε ∈ R.

ΠεP is a simple, motion-invariant point process of intensity ρ.

For any ε ∈ (−1, 1), the moments of ΠεP exist.

For ε > 0 small enough and f ∈ C 2(Rd), Var[̂IΠεP(f )] < Var[̂IP(f )].

Theorem

For any function f ∈ C 2(Rd) of compact support K , we have

Var
[̂

IΠεP(f )
]

= Var
[̂

IP(f )
]
(1− 2dκdρε) + O(ε2),

where κd is the volume of the unit ball of Rd .

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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For any function f ∈ C 2(Rd) of compact support K , we have

Var
[̂

IΠεP(f )
]

= Var
[̂

IP(f )
]
(1− 2dκdρ︸ ︷︷ ︸

ε−1
0

ε) + O(ε2),

where κd is the volume of the unit ball of Rd .
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Main theoretical results

Theorem

For any function f ∈ C 2(Rd) of compact support K , we have

Var
[̂

IΠεP(f )
]

= Var
[̂

IP(f )
]
(1− 2dκdρε) + O(ε2),

where κd is the volume of the unit ball of Rd .

FX (a) :=
∑

z∈X\{a}
‖a−z‖2↑

a− z
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Main theoretical results

Theorem

For any function f ∈ C 2(Rd) of compact support K , we have

Var
[̂

IΠεP(f )
]

= Var
[̂

IP(f )
]
(1− 2dκdρε) + O(ε2),

where κd is the volume of the unit ball of Rd .

FX (a) :=
∑

z∈X\{a}
‖a−z‖2↑

a− z
‖a− z‖d2

.

For any f ∈ C 2(Rd) we have∫
Rd
∇f (y) ·

x− y
‖x− y‖d2

dy = dκd f (x).
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Experiments �
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D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Experiments �

Ginibre Repelled Ginibre

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Experiments �

Ginibre Repelled Ginibre

D. Hawat, G. Gautier, R. Bardenet, R. Lachièze-Rey. Statistics and Computing, 2023.
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Experiments �
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D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Experiments �

Scrambled Sobol Repelled Scrambled Sobol

D. Hawat, R. Bardenet, and R. Lachièze-Rey. Preprint, 2023.
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Conclusion

Repelled point processes
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Î Code availability

08/09/2023, 11:24 dhawat/MCRPPy: Sample a repelled point process, compute a Monte Carlo estimation for the integral of a function using various variants …

https://github.com/dhawat/MCRPPy 1/4

Sample a repelled point process, compute a Monte Carlo estimation for the integral of a function using various

variants of the Monte Carlo method including the Monte Carlo with a repelled point process, and visualize

gravitational allocations 2D.

 MIT license

0 stars 0 forks 3 watching Activity

Public repository · Generated from guilgautier/template-python-project

Branches Tags

View code

Monte Carlo with the repelled point processes
(MCRPPy)

CICI passingpassing codecovcodecov 55%55% pythonpython >=3.8,<3.10>=3.8,<3.10

Sampling repelled point processes, estimating function integrals using various Monte Carlo methods

(including a method with the repelled point process), and illustrating 2D gravitational allocation from the

Lebesgue measure to a point process.

Monte Carlo with the repelled point processes (MCRPPy)

Introduction

Dependencies

Installation

Install the project as a dependency

Install in editable mode and potentially contribute to the project

Getting started

Companion paper

Notebooks

How to cite this work

dhawat /

MCRPPy

Code Issues Pull requests Actions Projects Wiki Security Insights

main

dhawat … last month

README.md

1 Open-source * Python toolbox called

MCRPPy.

2 Available on ¥ GitHub.

3 Tutorial Jupyter notebook.

¥ MCRPPy

https://github.com/dhawat/MCRPPy

https://github.com/dhawat/MCRPPy/tree/main/notebooks
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Perspectives

Prove variance reduction for stationary point processes.

Generalize to non-homogeneous PPPs.

Study the attractive case of the operator (ε < 0).

Derive an adequate boundary correction.

Diala Hawat Repelled point processes 19/ 19



Perspectives Statistics seminars of the University of Edinburgh

THANK YOU!
Poisson Ginibre Scrambled Sobol

Repelled Poisson Repelled Ginibre Repelled Scrambled Sobol

D. Hawat, R. Bardenet, and R. Lachieze-Rey. Repelled point processes with application to

numerical integration, Preprint, Axiv, HAL, 2023.
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