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Hyperuniform (HU) point processes could form a new family of Monte Carlo quadratures. By definition, HU point processes are more efficient than rejection sampling at estimating the volume of a set. There are
many candidate HU processes in the physics literature, but rigorously proving that a point process is HU is usually difficult. It is thus desirable to have standardised numerical tests of hyperunifomity. We survey
existing estimators of the structure factor and gather them all in a Python toolbox structute factor, along with numerical diagnosis of hyperuniformity.

Hyperuniformity and structure factor

Let X be a stationary point process of Rd of intensity ρ.

•The structure factor S of X is defined by

S(k) = 1 + ρF(g − 1)(k), k ∈ Rd , (1)

where F is the Fourier transform and g is the pair correlation
function of X .

Hyperuniformity

X is hyperuniform ⇐⇒ lim
R→∞

Var [Card(X ∩ B(0,R))]

Volume(B(0,R))
= 0

⇐⇒ S(0) = 0
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Figure: Poisson Point Process. Figure: Ginibre Ensemble.

•The homogeneous Poisson point process is not hyperuniform,

gpoisson(r) = Spoisson(k) = 1.

•The Ginibre Ensemble is hyperuniform,

SGinibre(k) = 1− exp(−k2/4), SGinibre(k) ∼ k2, (k → 0).
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Figure: Pair correlation function. Figure: Structure Factor.

The scattering intensity estimator of S

• Let W = [−L/2, L/2]d and X ∩W = {x1, . . . , xN}.
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ŜSI

(
2π

L
k

)
,

1

N

∣∣∣∣∣∣
N∑
j=1

e
−2iπ
L 〈k,xj〉

∣∣∣∣∣∣
2

, k ∈ (Zd)∗

100 101

Wavenumber (||k||)

10 4

10 3

10 2

10 1

100

101

St
ru

ct
ur

e 
fa

ct
or

 (S
(k

))
Poisson
Exact S(k)
SSI

mean ± 3 std

Figure: Scattering intensity of the Ginibre Ensemble as a function of ‖k‖.
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Figure: Scattering intensity of the Ginibre Ensemble as a function of k ∈ Z2.

Estimating S using the Hankel transform

•The structure factor S of an isotropic point process can be
formulated using the Hankel transform Hγ

S(‖k‖) = 1+ρ
(2π)d/2

‖k‖d/2−1
Hd/2−1(g̃−1)(‖k‖), g̃ : x 7→ g(x)xd/2−1.

•Estimating the pair correlation function using the two
estimators pcf.ppp, and pcf.fv of the R package
spatstat.

•Estimating the Hankel transform using Ogata quadrature or
the Discrete Hankel transform.
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Figure: Approximated pair correlation
function of the Ginibre using pcf.ppp.

Figure: Approximated pair correlation
function of the Ginibre using pcf.fv.

Estimator using Ogata quadrature

ŜHO(k) = 1 + 2π2ρ

N∑
j=1

w0jJ0

(
f (ξ0j)

)
(ĝk(f (ξ0j))− 1),

where, {ξ0j}j≥1 are the positive zeros of the Bessel function
J0(πx), {w0j}j≥1 is a specific set of weights and f is a Tanh-Sinh
function.
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Figure: Approximated structure factor of the Ginibre using ŜHO.

Estimator using the Discrete Hankel Transform

ŜHBC(km) = 1 + 2πρα
N−1∑
j=1

β0jJ0

(
η0mη0j

η0N

)
(ĝ(rj)− 1),

for specific set of wavenumbers km, with {η0j}j≥1 the positive
zeros of the Bessel function J0(x), {rj}j≥1 a specific set of radius
and {β0j}j≥1 a specific set of weights.
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Figure: Approximated structure factor of the Ginibre using ŜHBC.

Hyperuniformity tests

•Test of effective hyperuniformity:

X is effectively hyperuniform ⇐⇒ H ,
Ŝ(0)

Ŝ(kpeak)
≤ 10−3.

• Ŝ(0) is a linear extrapolation of the estimated structure factor Ŝ in k = 0.
• kpeak is the location of the first dominant peak value of Ŝ .

•Test of hyperuniformity’s class:

X is hyperuniform with |S(k)| ∼ c‖k‖α in the neighborhood of
0 then,

α > 1 Var [Card(X ∩ B(0,R))] = O(Rd−1) class I

α = 1 Var [Card(X ∩ B(0,R))] = O(Rd−1 log(R)) class II

α ∈]0, 1[ Var [Card(X ∩ B(0,R))] = O(Rd−α) class III

The Python toolbox structure factor

•Python toolbox.

In [1]: !pip install structure_factor

• Implement all the above estimators.

•Open source available on Github �.

•Documentation available online.
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