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Transportation, Matching,
Allocation:
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Given two measures v and p on A

» A transportation between v and p is a measure p on A X A
whose first marginal is v and the second marginal is .

» When v and p are both counting measures, the transportation
will be also called a matching.

» When v is the Lebesgue measure and p is a counting
measure, the transportation will be called an allocation.
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Gravitational allocation from

Lebesgue to the Poisson point
process:
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» Let Z be a standard Poisson point process on R?

» Consider the vector function

F= 3 o

z€Z |z—x|T

to be the force of attraction acting on each point x of RY\ Z.

> For any x € R?\ Z, consider the integral curve Y,(t), to be
unique solution of
dY,(t
;() = F(Y«(t)), Yx(0) = x.
t
define for some maximal time 7, €]0, o0].
We call these curves the gravitational flow curves.
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Proposition:
Assume d > 3. Almost surely, the above series defining the force
function
zZ—x
o= Y 2
ZEZ7|Z_X|T
converges simultaneously for all x for which it is defined, and de-
fines a translation-invariant (in distribution) vector valued random
function. The random function F is almost surely continuously dif-
ferentiable where it is defined.
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» We detailed the proof providing some steps which were hidden
in the original proof. (Page 8).

» \We gave another way to prove the previous propriety. (Page
13).

» We proved that the force function F, is divergent in dimension
d = 2. (Page 12).
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Alternative formulation of F:
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zZ— X

F(x) := Z

— x|d’
ze€Z |z—x|t ‘Z X|

We detailed the proof of equation (1) providing some steps which
were hidden in the original proof. (Page 14).

>

zeZ, |Z—U| T

S Y iu—v). (1)

‘27X|d z€Z, |z—v|?T |27X’d N

This equation lead to a new formulation of the force function F as
follow
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1. Not all phenomenon could be modeled by the Poisson point
process.

2. The Ginibre point process has the anti-clustering or repulsion
built into its definition.

3. It has never been discussed before.

4. We claimed that the gravitational allocation to the Ginibre
point process will be the most economic gravitational
allocation.

5. The construction of a gravitational allocation to the Ginibre is
not as simple as that to the Poisson.

6. The gravitational allocation to a finite set of point of the
Ginibre is also interesting, and has never been discussed
before.
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Ginibre point process:
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The Ginibre point process, is defined as the Determinantal point
process on C with integral kernel

1 - 1,02 2
K(Zlvz2) - ;eZIZze 2(|Zl‘ *lz )7 1,22 € (Ca

with respect to the Lebesgue measure on C.
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Finite Ginibre point process:
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Let M be an N x N matrix with i.i.d. standard complex Gaussian
entries.

Then, the eigenvalues of M form a Determinantal point process on
the complex plane which converges to the Ginibre point process, and
it's called the finite Ginibre point process.
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Truncated Ginibre Point
process:
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» We are not forced to simulate the conditioning on being N
points.

» we introduce a new kernel, as well as the associated point
process GV by setting:

N-1

Kna(z1,22) = > o0 (21)9) (22), z1, z2 € B(0, R),
0

where, ¢V corresponds to the function ¢, restricted to the
compact B(0, v/ N) (after renormalization).



Université LaBORATO N
{ de Paris MAI#

Gravitational allocation from
Lebesgue to the Truncated

Ginibre point process:
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PAGE 30

» Let GV = {z1,2,...,zv} be a realisation of N points of the
Truncated Ginibre ensemble in the complex plane C.

» For all x € C, let

so that GV = f~1{0}.
» The potential function:

u(x) = log [f(x)| —
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» Define the force function to be:
F(x) = =Vu(x).

» For any x € C\ GV consider the integral curve Y(t) defined
as solution of the differential equation

dYy
dt

() = F(Yx(1)) = =Vu(Y(1)), ¥x(0)=x.  (2)
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> u(x) = log |f(x)| — 3IxI2
> Au=2m ) cgnOx — 2, in distributional sense.
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—Vu(x).

(8) = F(Yx(t)) = =Vu(Yx(1)), Yx(0)
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» If we define
1 2
e(x) = log F(x)| = 5 x ¢ x Ix [,

to be the potential function, then each star will have a basin
of area m/c. In our case, each basin will have a volume equal
to .

» This is a result of the divergence theorem, but apply it we
have to proof that the basins are bounded by finitely many
smooth curves.
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» \We proved that each basin of attraction due to the allocation
to the Truncated Ginibre has volume equal to 7 based on
Liouville's theorem. (Page 33).

» We proved that the basins due to the Gravitational allocation
to the Truncated Ginibre point process are bounded and

N
U B(z) < B0, 22 0m).

k=1 2

(Page 34).
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» \We gave a way to construction a gravitational allocation from
the Lebesgue measure to the Ginibre point process. (Page 24).

» We gave a proof based on the divergence theorem of the
conditional fairness of the allocation to the Ginibre point
process. (Page 29).
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Algorithm 1 Gravitational allocation

S = S =
Wy 2o

© e NDT s W

Sample N point of the Truncated Ginibre GV = {z, ..., zy}.
Define f(x) := [T, (x — z).
Sort GV in increasing order, let {Z1, ..., Zy} be GN reordered.
Let [X, Y] be the grid containing the compact B(0, v/N).
let u(x) := log |f(x)| — 0.5|x|2 be the potential function.
Evaluate v at X +iY.
[Dx, Dy] < gradient(u)
Set s = (sx, sy) a set of equispaced points of distance e.
fori=1— N do
h < streamline(X, Y, Dx, Dy, real(Zx)+sx, imag(Zk)+sy)
Plot Z;
Plot h

. end for
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The allocation of the The allocation of The allocation of
disk to 100 Ginibre the disk to 100
points. Uniform points.

the disk to 100 zeros
of the GAF.
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THANK YOU.
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